
Advanced Calculus: Derivative Exploration Worksheet

Worksheet Overview

Learning Objectives:

Understand the conceptual foundation of derivatives
Master computational derivative techniques
Apply derivatives to real-world problem-solving
Develop critical mathematical reasoning skills

Section 1: Conceptual Understanding

Carefully read and respond to the following theoretical exploration questions:

1. Derivative Definition Challenge

Define a derivative in your own words. Illustrate how it represents instantaneous rate of change.

2. Limit and Derivative Relationship

Explain the mathematical connection between limits and derivatives. Provide a step-by-step
breakdown of how limits define derivative calculations.

f'(x) = lim[h→0] (f(x+h) - f(x)) / h

3. Derivative Technique Comparison

Comparative Analysis: Create a detailed comparison chart for derivative calculations across
different function types:

Function Type Derivative Technique Example

Polynomial

Trigonometric

Exponential



Section 2: Computational Challenges

Solve the following derivative calculation problems with complete work shown.

Basic Level Derivative Calculations

1. Calculate the derivative of the following functions:
f(x) = 3x² + 2x - 5
g(x) = 4x³ - 7x + 3
h(x) = 2sin(x)

Show complete solution steps for each function.

2. Chain Rule Application
f(x) = (x² + 3)⁵
g(x) = cos(x²)
h(x) = tan(2x)

Demonstrate chain rule derivation for each function.



Section 3: Advanced Derivative Applications

Explore complex derivative scenarios and real-world problem-solving techniques.

Optimization and Rate of Change Problems

1. Maximum and Minimum Value Analysis

For the function f(x) = x³ - 6x² + 9x + 2, determine:

Critical points
Local maximum and minimum values
Intervals of increasing and decreasing function

2. Related Rates Challenge

Problem Scenario: A conical water tank is being filled at a rate of 5 cubic meters per
minute. If the tank's radius is 2 meters and its height is 6 meters, calculate the rate of
change of the water level at the moment when the tank contains 24 cubic meters of water.

V = (1/3)πr²h

Show complete solution with derivative-based calculations.



Section 4: Multivariable Derivative Techniques

Explore advanced derivative concepts involving multiple variables and partial derivatives.

Partial Derivative Exploration

1. Partial Derivative Calculations

Given the function f(x,y) = x²y + 3xy² - 5x + 4y, calculate:

∂f/∂x (Partial derivative with respect to x)
∂f/∂y (Partial derivative with respect to y)
Mixed partial derivatives ∂²f/∂x∂y and ∂²f/∂y∂x

2. Gradient Vector Interpretation

Gradient Vector Analysis: For the function f(x,y) = x³ + y³ - 3xy, determine the gradient
vector and interpret its geometric meaning.

∇f = ⟨∂f/∂x, ∂f/∂y⟩

Explain the significance of the gradient vector in terms of direction and magnitude.



Section 5: Derivative Applications in Physics and Engineering

Apply derivative techniques to solve complex problems in scientific domains.

Motion and Acceleration Analysis

1. Kinematic Derivative Problem

Motion Scenario: A particle moves along a path defined by the position function s(t) = t³ -
6t² + 9t meters. Determine:

Velocity function v(t) = ds/dt
Acceleration function a(t) = dv/dt
Moments of zero velocity
Periods of acceleration and deceleration

Provide a comprehensive analysis with graphical interpretation.

2. Energy and Work Calculation

Work-Energy Problem: A variable force F(x) = x² + 3x newtons acts on an object moving
along a horizontal surface. Calculate the work done by integrating the force function from x
= 0 to x = 5 meters.

W = ∫₀⁵ F(x) dx

Show complete integration and derivative-based solution.
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